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Single View Reconstruction

Intro duction

We, ashumans, can look at a photograph or a well executedpainting and deduceconsid-
erable 3D information. Computer vision techniquesthat emulate aspects of this process
are starting to emerge.

This work hasresulted from the fusion of two areasof researb:

The use of projective invariants for object recognition. This involves nding prop-
erties of objects that are invariant to perspective projection. This allows you to
recognizean object or feature no matter what view you have of it.

This is typied by the work of Zisserman,Forsyth and Mundy at Oxford in the
early 90s.

CameraAuto calibration: This involves automatically determining cameracalibra-
tion parametersfrom matched image points in stereo pairs of images, or motion
sequences.

Major cortributors to this areaof researb were the group at INRIA (e.g. seeFig-
ure 1), France, headedby Olivier Faugeras,and the group at Oxford.

A Brief History of Perspective

Early art depicted scenesn a very synbolic form (seeFigures 2, 3, and 4)

Cave paintings shaved animalsin pro le.

Egyptian art depicted peoplewith their headsin pro le, torso in front view, and
waist and legsin pro le.

Mediewal art depicted peopleand objects very much like cardboard cut-outs stuck
on a screen.



Figure 1. Merton College,Oxford. From a singleview sud asthis we can deduceconsid-
erable 3D information

It wasduring the Italian Renaissancaround 1430that conceptsof perspective were rst
deweloped and artists were rst able to depict a senseof three dimensionality. Uccello
was oneof the rst artists to useperspective.

Figure 2: The Battle of SanRomano,by Uccello 1430. Note the alignmert of the spears
on the ground, the foreshortenedimage of the fallen soldier on the left and the road in
the badkground. Thesefeatureswere sensationalfor the time.

The rst book that described perspective was producedby Leon Battista Alberti in 1435.

It is fascinating reading.

Vanishing Points and Vanishing Lines

Establishing vanishing points and vanishing lines are the fundamertal operationsin re-
constructing 3D information from a perspective image.



Figure 3: The Hunt, Uccello 1460. Note the pattern of the trees vanishing towards an
apparen horizon in the distance.

In perspective a set of parallel lines meetat a point. Two setsof parallel linesin di erent
directions will give two vanishing points. Thesetwo vanishing points form a vanishing
line for the collection of parallel planesde ned by thesetwo setsof parallel lines.

Figure 5 shavs an exampleof a number of parallel lines and their vanishing point, V, on
the imageplane. Note that theseparallel linesin 3D do not needto lie on the sameplane.
Geometrically, the vanishing point is the intersection point of the image plane with one
of theseparallel lines that passeghrough the optical certre of the camera. For instance,
in Figure 5, the line OV, which hasthe samedirection aslines AB, CD, and EF and
which cortains the optical certre O, intersectsthe image plane at the vanishing point V.

The above idea extendsto vanishinglines. If we have a setof parallel planesin the scene,
then their imagesshould all overlap to form oneidertical line, namely the vanishingline.

This idea is depicted in Figure 6. Alternativ ely, we can think of a set of parallel lines
lying on theseparallel planesin the scene(as in the Figure 5) giving a vanishing point

in the image. Another set of parallel lines on theseplanesin the scenewill give another
vanishing point, and so on. All these vanishing points will be collinear in the image,
forming the vanishing line. Geometrically the vanishing line is the intersection of the

image plane with one of the parallel planespassingthrough the camera’soptical certre

(seeFigure 6).

We seethat vanishing points and vanishing lines are both cameradependen.

The Horizon

The horizon is the vanishing line for the ground plane (seeFigures 7 and 8). Anything
below this line will be projected to a point below the horizon, and anything above is
projected above the horizon. Note that the horizon is a property of the camera: two
viewers at di erent heights will perceiwe di erent horizons.

Where do lines vanish to?

The cameracalibration matrix givesyou the location of the vanishing point. It maps3D
coordinatesin the world to 2D coordinatesin the image (seeFigure 9). For example,the
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Figure 4: Drawing of a Chalice (by Uccello date unknown). This is a remarkable piece
of work. It enulates what we take for granted with computer generatedwire-frame
graphics|except that it was done 600yearsagowith pencil and paper!

vanishing point of the X axis is the location in the imagewherea point at in nit y on the
X axis will appearin the image.

What are the coordinatesof a point at in nit y on the X axis? Homogeneougoordinates
allow usto represem, and do calculationswith, points at in nit y. A point at in nit y on
the X axisis represeted by 2 3
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Figure 5: Parallel linesin the scenemeetat a vanishing point in the image plane. Note
that the vanishing point can be (and is often) outside the image boundary.
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Figure 6: The vanishingline of a collection of parallel planes,f o; i1; g, in the scene.
The plane is parallel to these planes and cortains the camera'soptical cerre. Its
intersectionwith the image plane givesthe vanishingline.



V' vertical vanishing point

C vanishing line

Figure 7: Perspective represetation of the world. Parallel lineswhich are not orthogonal
to the optical axis all meetat vanishing points, all of which lie on the horizon. The point
b is in the baseplaneandt is a point directly above b in the world. The line through b
and t de nes the vertical, and meetsthe horizon at C, represeting the cameraheigh.
Any two sud vertical lineswill meetat the vertical vanishing point v.
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Figure 8: The horizon is de ned either as the line joining two vanishing points de ned
from the referenceplane, or asthe intersectionof a planethrough the projection certre and
parallel to the referenceplane. A vertical vanishing point is de ned as the intersection
of the image plane with a line through the projection certre and perpendicular to the
referenceplane.



Figure 9: A calibration frame.

Thus, we seethat the rst, secondand third columns provide the homogeneousmage
coordinatesof the X, Y and Z vanishing points respectively. The fourth column tells you
wherethe origin is.

Establishing Relativ e Sizes of Objects in a Perspective Image

We can usetheseideasto take measuremets in an image,wheneer we have a clear way
of establishingplanar surfacesand measuringreferenceobjects in the image. The image
shown in Figure ?? is video footage of a suspect leaving a bank foyer. In this case,the
police were interestedin measuringthe height of the suspect.

Figure 10: If the podium is 1.12mtall, how tall is the suspect?

Let the point h, denotethe given referenceheigh (seeFigure 11).
If we draw a line through the basepoints b and ky, to the vanishing line we get the
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Figure 11: Geometry of relative height measuremets in perspective. This gure is ac-
tually distorted, becausethe vertical vanishing point should really be underneath the
referenceplane whenthe view is taken from above. This is clear from the gure above.

vanishing point of that line.

A line from h, to this vanishing point represets a line that is parallel (in the 3D world)
to the line through the basepoints.

The point i, which is the intersection of this line with the line joining kb, and hy, is the
sameheigh above b, ash, is above 3.

Howewer, we cannot usethe ratio of the lengths(h, h,)=(i b,) timesh, b to estimate
the unknown height, as ratios of lengths are not presened under perspective. To solve

this problem we have to nd a property of the scenethat is invariant (independert of)
the perspective projection.

Geometric Invariants

An invariant of a geometriccon guration is a function of the con guration whosevalue is
unchangedby a particular transformation. For example,the distancebetweentwo points,

or the anglebetweentwo line segmets, are unchangedunder a Euclideantransformation
(translation or rotation).

There are a number of geometricinvariants for projective transformations. Here we will
illustrate one of the most important, the cross-ratioof four points on a line.
Supposewe are given a con guration of four collinear points, asshavn below (Figure 12).

If we denotethe distance betweentwo points X; and X; and j then onede nition of
the crossratio is
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Figure 12: A one-dimensionalconstruction of perspective viewing. The optical certre of the
camerais O. Under perspective projection, the length, and ratios of lengths, on a line are not
invariant, but ratios of ratios of lengths are.
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There are many ways of forming the crossratio betweenfour points. One simply selects
onepoint, say X, asareferencepoint. We computethe ratio of distancesfrom that point
to two others, say X3 and X4. Then compute the ratio of distancesfrom the remaining
point, X,, to the sametwo points. The ratio of theseratios is invariant to perspective
transformation.

The perspective transformation betweenthe lines X and X %is given by

x? = Kk M M Xi
1 'omy My 1

Now to seewhy the cross-ratio of four points on a line is presened under sud a trans-
formation we note that the distance(X? X jO) can be written asa determinant:

X2 X0

0 0— ; Q -

Under the projective transformation above, the matrix S(X 2% X J-O) transforms as follows:

xiO on _ mi1 Myo kiXi ijj

1 1 Moy Moo ki kj '
and taking the determinart of both sidesgives

ISOXE XD = kikjiMjiiS(Xi; X))i:



Substituting this relation into the expressionfor the cross-ratiogives

(X3 XD(X§ X3 _ JS(X 3 X DiS(X 2 X )j
(X3 X)(X2 XD JIS(XZ XD S(X 2 X )]
ksk1]M JjS(X3; X1)jKakojM [ S(X 4; X 2)]
k3ka]M Jj S(X 3; X 2)jKakejM [ S(X 4; X 1)]
(X3 X1)(Xa X3),
(X3 X2)(Xs Xi)

()

In summary, the cross-ratiois an invariant of any setsof four collinear points in projective
correspndence.lt is una ected by the relative position of the line or the position of the
optical certre, asshown in Figure 13.

Figure 13: The cross-ratio of every set of four collinear points shown in this gure hasthe same
value.

Returning to our height measuremen problem, we take the points C, hy, i and b, asour
four collinear points. We can form the crossratio from distancesmeasuredin the image
(in pixels)

NGRS
(hy ©)(C h)
Then we can solve for the world distances(metres) becausewe have
— (C bJ)WOfld .
(hu tlj)world = | m (hu I)world (6)
= h, i+i b (7)

and thus we can solwe for h, i from the last equation,and then h, b, from the rst.
In theseequationswe have

(hy  h)worig is the height of the referenceobject in the world,;
(C  hy)woria is the height of the camerafrom the referenceplane, and
(C  1)worig Is the di erence betweenthe referenceheight and the cameraheigh.

Note that if we usethe vanishing point V as one of the four points we get a degeneracy

in calculating the crossratio in world coordinates becausewe will have in nite distances.
Howewer, a solution can be found by other means(which will not be coveredhere).
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Ay 0 Forensic applications and Examples

@&

Measuring heights of people in indoor scenes

Hrst point of view Second point of view
Original image Corrected image Calibration Measurements

first point of view second point of view iground truth
169.8 cm 169.9 cm. i 170 em

@ [t is not necessary to have two views of the same scene,

this is included only for a comparison between the two results.

@ Radial distortion correction is necessary and it can be done easily.
No metric knowledge of the scene isinvolved.

Figure 14: An exampleof height measurementakenfrom Andrew Zisserman'sweb pages.

SeealsoFigure 14 for another example.

Clearly, if the four collinear points are permuted then the crossratio computedusing the
formula given in (3) (or (4)) will be dierent. As an exercise,shov that from the 24
possiblepermutation of the 4 points in generalposition (i.e., all the points are distinct)
there are only 6 distinct crossratio values.

Image Recti cation

It is possibleto undo the perspective distortion of a plane in the sceneif we can nd
the vanishing line of the plane, and if we have two referencemeasuremets of known
lengths, or angles,in the scene.Beforewe do this we needto review someoperationsin
2D homogeneougoordinates.

2D Homogeneous Coordinates

Recallthat a point in Euclidean 2-spaceis represeted in homogeneougoordinates be a
3-vector [x y 1].

The homogeneousoordinates[x y 1]' canrepresen both a point and a line.
The line passingthrough points p; and p, is obtained via the crossproduct

= p ™ pe:
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For example,the line passingthrough the two points [0 2 1]" and [3 0 1]" asshown in
Figure 15is given by

2 . 3
i ] k
det4 0 2 15 = 2 +3 6k (8)
301
2 3 2 ;3
2 3
= 435:9%%
6 1

pr=f021 7<

p2=[301]

I=F13-121 N\~

Figure 15: An exampleshaving how to computethe coordinatesof a line passingthrough
two given points.

This crossproduct generatesa vector that is perpendicularto both vectors,[0 2 1]" and
[3 0 1]'. This is the normal of the planethat passeghrough the origin and through the
points [0 2 1]" and [3 0 1]". The intersection of this plane and the z = 1 plane forms
the line.

This represetation may seema bit abstract, but is very concise,very powerful and is
capableof represeting points and lines at in nit y.

Thereis a duality betweenlinesand points in homogeneousoordinates. The intersection
of two lines|; and |, is obtained via the crossproduct

p=11" 1z

For example,to nd the intersection point of the two lines given by [ % 0 1] and

[ £ 1T (seeFigure 16), we compute

2 . , 3

[ J k
det4 1=83 0 195 = 1=2i+ Oj + 1=6k (9)

1=3 1=2 1

= [301]

This crossproduct generatesa vectorthat is perpendicularto both planenormals,| % 0 1]
and[ § 3 1J'. If avectoris perpendicularto both plane normalsthen it must lie in
both planes,and hencebe the intersection of the two lines.
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Figure 16: An exampleshoning how to computethe intersectionpoint of two givenimage
lines.

Image Transformation of a Plane

We canthink of the projection of a planeinto an imageasbeingthe composition of three
transforms.

similarity affine perspective
transform transform transform
original scene rotate, scale, translate shear and distort projection with a
aspect ratio finite focal length

The similarity transform correspnds to you looking directly down on a rotated and
translated scenewith orthographic projection (in nite focal length). There may be a
scale change involved, depending on how far away you are. The ane transform cor-
responds to you looking at the sceneobliquely with orthographic projection. Here you
get foreshorteningand shearing(but parallel lines remain parallel). Finally the perspec-
tive transformation correspndsto keepingthe sameoblique viewing angle but now we
introducea nite focal length to introducethe perspective.

The ane transform hastwo degreef freedom

2 32 3 2 3
abao X ax + by
401 05:4y5=4 y :
001 1 1

where a represets the scalingin x relative to y, and b is the cotangen of the shearing
angle .

X
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The perspective transform is represeted in homogeneousoordinates as

2 32 3 2 3 2 « 3
100 X X ox+ dy+1
401 05:4y5=4 y 5:470x+>éy+15
cd1l 1 cx+ dy+ 1 1

where[ ¢ d 1] represets the homogeneougoordinates of the vanishingline of the
plane.

N lvanishing point
[011]1%%

[01/21] N N
N B3I,

~

~

~

N
<N iehi f
~ J» vanishing point
3

®
[001] [1/201] [101]

Example: The sceneabove has vanishing points at [0 1 1]" and[L 0 1]'. The
homogeneousector represeting the vanishingline of the planeis[ 1 1 1]", obtained
from the crossproduct of thesetwo points. The transformation describingthis projection
is thus

AN
=
R RO
= O O

g w

To invert this transformation and recover the view of the plane (up to an a ne transfor-
mation) we simply apply the inverseof the transformation to the image points.

2 32 3 2 3
1 00O 0 0 1=3 1=2 0 0 1=83 1=2
4 0 105:401=2 183 0 °5=401=2 1=3 0 9:
1 11 1 1 1 1 1 1=2 1=3 1=2

Thus the four points [0 0 1], [0 1=2 1],[1=3 1=3 1]and[1=2 0 1] are transformedto
the unit squarehaving coordinates[0 O 1],[0 1 1],[1 1 1]and[1 O 1], becausesad of
the resulting points is a homogeneousector, and rescalingto ensurethat the scalefactor
is 1 givesthe desiredoutcome.

Recti cation

To rectify (obtain a plan view of) a surfacein an image all we needto do is nd its
vanishingline. The equationofthis line allowsusto invert the perspective transformation.
The result will be an imagethat will still have an a ne transform. If onecan nd two
constrairt conditions, sud as knowledgeof the ratio of two lengthsin the image,and/or
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Figure 17: Image of the Vice Chancellery

Figure 18: Recti ed imageof the baseplaneabout the squaretiles in front of the entrance.

knowledgeof an anglebetweenline segmets in the image,onecanthen sole for the two
degreesf freedomin the a ne transformation.

Example (seeFigure 17): Points are chosenmanually from the image. Any two points on
a straight line de ne the line by taking their crossproduct. The crossproduct of two sud
parallel lines de nes a vanishing point. The crossproduct of two sud vanishing points
de nesthe vanishingline. Points R1{R3 and S1{S4werealsopicked out manually. These
are usedto provide constrairts on the a ne transformation. Theselines lead to the two
vanishing points. The line acrossthe top of the imageis the vanishing line of the plane.
It indicatesthe heiglt of the camerarelative to the objects in the scene.

Thereis still somedistortion in the recti ed image(seeFigure 18) dueto uncorrectedlens
distortion|lines are not quite straight in the image. There is alsosomepoor digitising of
referencepoints in the image on my behalf. Howewer, this is a generally pleasingresult,
especially for the regionsthat werecloseto the camera. Look at the portion of the square
in the paving that is cut o at the very left of the rectied image|no w try to nd it in
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the original image.

Note that the recti ed image cannot include points that are too closeto the vanishing
line asthesepoints are at in nit y! This is why the recti ed imageis cut o on the left
hand side whereit is.
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